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A new approach to computing the Fréchet subdifferential and the limiting subdifferential of
integral functionals is proposed. Thanks to this way, we obtain formulae for computing the
Fréchet and limiting subdifferentials of the integral functional F (u) = ∫
Ω
f (ω,u(ω))dμ(ω),
u ∈ L1(Ω, E). Here (Ω,A,μ) is a measured space with an atomless σ -ﬁnite complete pos-
itive measure, E is a separable Banach space, and f : Ω × E → R¯. Under some assumptions,
it turns out that these subdifferentials coincide with the Fenchel subdifferential of F .
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1. Introduction
Consider the integral functional of the form
F (u) =
∫
Ω
f
(
ω,u(ω)
)
dμ(ω), u ∈ Lp(Ω, E), (1.1)
where (Ω,A,μ) is a measured space with an atomless σ -ﬁnite complete positive measure, E is a separable Banach space,
and f : Ω × E → R¯. Recall [5, p. 223] that
Lp(Ω, E) :=
{
u : Ω → E is measurable
∣∣∣
∫
Ω
∥∥u(ω)∥∥p dμ < +∞
}
with the norm ‖u‖ := (∫
Ω
‖u(ω)‖p dμ)1/p (1 p < ∞) and
L∞(Ω, E) :=
{
u : Ω → E is measurable ∣∣ ∃α > 0 such that ∥∥u(ω)∥∥< α μ-a.e.}
with the norm ‖u‖ := inf{α > 0 | ‖u(ω)‖ < α μ-a.e.}.
The problem of computing or estimating generalized subdifferentials of integral functionals has been studied intensively
in the literature; see [3,4,7] and the references therein. Results in this direction (for instance, Lemma 6.18 in [7]) can be
used for variational problems involving integral functionals (see [7, Chapter 6]).
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Mordukhovich subdifferential) of the function F deﬁned by (1.1) at a given point x ∈ L1(Ω, E).
To compute the Fréchet subdifferential ∂ˆ F (x) and the limiting subdifferential ∂ F (x), we propose a new approach which is
based on a very interesting result of Giner [6] about local/global minimizers of integral functionals. Thanks to this way, we
obtain formulae for computing ∂ˆ F (x) and ∂ F (x). Under some assumptions, it turns out that these subdifferentials coincide
with the Fenchel subdifferential of F at x.
The rest of the paper is divided into two sections. Section 2 contains some deﬁnitions and results which are needed in
the sequel. Main results will be presented in Section 3.
2. Preliminaries
For a set-valued mapping G : X⇒ X∗ between a Banach space X and its topological dual X∗ , the notation
Limsup
u→x
G(x) := {x∗ ∈ X∗ ∣∣ ∃ sequence uk → x and x∗k w
∗→ x∗ with x∗k ∈ G(uk) for all k = 1,2, . . .
}
stands for the sequential Painlevé–Kuratowski upper limit with respect to the norm topology of X and the weak∗ topology w∗
of X∗ . The symbols u ϕ→ x for a function ϕ : X → R¯ := [−∞,+∞] and u Ω→ x for a set Ω ⊂ X mean, respectively, u → x
with ϕ(u) → ϕ(x) and u → x with u ∈ Ω .
Let us recall some notions related to generalized differentiation taken from [7]. Suppose that ϕ : X → R¯ is ﬁnite at x and
ε  0. The ε-Fréchet subdifferential of ϕ at x is deﬁned by setting
∂ˆεϕ(x) :=
{
x∗ ∈ X∗
∣∣∣ lim inf
u→x
ϕ(u) − ϕ(x) − 〈x∗,u − x〉
‖u − x‖ −ε
}
. (2.1)
If |ϕ(x)| = ∞ then ∂ˆεϕ(x) := ∅. When ε = 0 the set ∂ˆ0ϕ(x), denoted by ∂ˆϕ(x), is called the Fréchet subdifferential of ϕ at x.
The limiting subdifferential (or the Mordukhovich subdifferential) of ϕ at x is deﬁned by setting
∂ϕ(x) := Limsup
u
ϕ→x
ε↓0
∂ˆεϕ(u). (2.2)
The limiting subdifferential reduces to the classical Fréchet derivative for strictly differentiable functions. We have
∂ˆϕ(x) ⊂ ∂ϕ(x) for any ϕ : X → R¯ ﬁnite at x; see [7].
The Fenchel subdifferential of ϕ at x ∈ X with ϕ(x) ∈ R is the set
∂Fenϕ(x) := {x∗ ∈ X∗ ∣∣ ϕ(u) − ϕ(x) 〈x∗,u − x〉 ∀u ∈ X}.
If ϕ is convex, then ∂ϕ(x) = ∂ˆϕ(x) = ∂Fenϕ(x).
In the sequel, unless otherwise stated, (Ω,A,μ) is a measured space with an atomless positive σ -ﬁnite complete mea-
sure, E is a separable Banach space with its σ -Borel algebra B(E), and f : Ω × E → R¯ is A ⊗ B(E)-measurable.
Let F be a subset of the space L0(Ω, R¯) of measurable functions deﬁned on Ω and with values in R¯. The essential
inﬁmum function of F , denoted by ess infv∈F v , is a measurable function from Ω to R¯ satisfying the following conditions:
(i) for each u ∈ F , ess infv∈F v  u μ-a.e.;
(ii) if u˜ : Ω → R¯ is a measurable function such that for each u ∈ F , u˜  u μ-a.e., then u˜  ess infv∈F v μ-a.e.
The proof of the existence and uniqueness of the essential inﬁmum function of F can be found in [8, pp. 43–44] for the
case where μ is ﬁnite. The result immediately implies the existence and uniqueness of the essential inﬁmum function of F
when μ is σ -ﬁnite. The reader is referred to [2,5,8] for more details.
It is worthy observing that if there exists v0 ∈ F such that for each v ∈ F , v  v0 μ-a.e., then ess infv∈F v = v0.
Applying [2, Theorem 3.8] to the case where X = L1(Ω, E) and M : Ω⇒ E deﬁned by M(ω) = E for all ω ∈ Ω , one has
ess inf
u∈L1(Ω,E)
f (u)(ω) = inf
e∈E f (ω, e). (2.3)
For each u ∈ L1(Ω, E), we put
I f (u) :=
∗∫
Ω
f
(
ω,u(ω)
)
dμ
= inf
{∫
v(ω)dμ
∣∣∣ v ∈ L1(Ω,R), v(ω) f (ω,u(ω)) μ-a.e.
}
. (2.4)Ω
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The following statement is a special case of the theorem established by E. Giner.
Theorem 2.1. (See [6].) Suppose that f (x) ∈ L1(Ω,R), where f (x)(ω) := f (ω, x(ω)) for all ω ∈ Ω , and x is a local minimizer of I f
on L1(Ω, E). Then, for each u ∈ L1(Ω, E),
f
(
ω, x(ω)
)
 f
(
ω,u(ω)
)
μ-a.e.
A function u : Ω → E∗ is said to be weakly star measurable [5, Deﬁnition 2.101(iii)] if for any e ∈ E the function Ω  ω →
〈u(ω), e〉 is measurable. Denote by Lw∞(Ω, E∗) the space of all (equivalence classes of) weakly star measurable functions
u : Ω → E∗ such that the function Ω  ω → ‖u(ω)‖ belongs to L∞(Ω,R). The space Lw∞(Ω, E∗) is endowed with the norm
‖u‖Lw∞(Ω,E∗) = ess sup
ω∈Ω
∥∥u(ω)∥∥,
where ess supω∈Ω ‖u(ω)‖ := inf{α > 0 | ‖u(ω)‖ < α μ-a.e.}; see [5, Deﬁnition 2.111].
Recall [5, Theorem 2.112] that
L1(Ω, E)
∗ = Lw∞(Ω, E∗),
i.e., we can identify each u∗ ∈ L1(Ω, E)∗ with an u∗(·) ∈ Lw∞(Ω, E∗) such that
〈u∗,u〉 =
∫
Ω
〈
u∗(ω),u(ω)
〉
dμ,
for all u ∈ L1(Ω, E). The reader can ﬁnd more information on the Lp(Ω, E)-spaces and related matters in [5] and the
references therein.
3. Main results
We are going to obtain some formulae for the Fréchet subdifferential and the limiting subdifferential of an integral
functional of the form (1.1) with p = 1 and E is a separable Banach space. Let us begin with a proposition which plays a
crucial role in proving the main theorem.
Proposition 3.1. Let I f (·) : L1(Ω, E) → R¯ be the function deﬁned by (2.4), and let x ∈ L1(Ω, E) satisfying f (x) ∈ L1(Ω,R), where
f (x)(ω) := f (ω, x(ω)). Then,
∂ˆε I f (x) =
{
x∗ ∈ Lw∞(Ω, E∗)
∣∣∣ inf
e∈E gε
(
ω, e, x∗(ω)
)
 0 μ-a.e.
}
= {x∗ ∈ Lw∞(Ω, E∗) ∣∣ I f (u) − I f (x) − 〈x∗,u − x〉 + ε‖u − x‖ 0 for all u ∈ L1(Ω, E)}. (3.1)
Here gε(ω, e, e∗) := f (ω, e) − f (ω, x(ω)) − 〈e∗, e − x(ω)〉 + ε‖e − x(ω)‖, ω ∈ Ω , e ∈ E, e∗ ∈ E∗ , ε  0.
Proof. Let ε  0, k ∈ N, x ∈ L1(Ω, E), and x∗ ∈ ∂ˆε I f (x). According to (2.1), there exists δk > 0 such that
I f (u) − I f (x) − 〈x∗,u − x〉 +
(
ε + k−1)‖u − x‖ 0,
for all u ∈ B(x, δk) := {v ∈ L1(Ω, E) | ‖v − x‖ δk}. Note that (L1(Ω, E))∗ = Lw∞(Ω, E∗) and
〈u∗,u〉 =
∫
Ω
〈
u∗(ω),u(ω)
〉
dμ,
for all u∗ ∈ Lw∞(Ω, E∗), u ∈ L1(Ω, E). Hence x is a local minimizer of the function I(·) deﬁned by
I(u) := I f (u) − I f (x) − 〈x∗,u − x〉 +
(
ε + k−1)‖u − x‖
=
∗∫
Ω
h
(
ω,u(ω)
)
dμ
(
u ∈ L1(Ω, E)
)
,
where
h(ω, e) := f (ω, e) − f (ω, x(ω))− 〈x∗(ω), e − x(ω)〉+ (ε + k−1)∥∥e − x(ω)∥∥, (ω, e) ∈ Ω × E.
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h
(
ω, x(ω)
)
 h
(
ω,u(ω)
)
μ-a.e.
Note that for any u ∈ L1(Ω, E), by the A ⊗ B(E)-measurability of h, the function Ω  ω → h(u)(ω) := h(ω,u(ω)) is A-
measurable. Thus,
ess inf
u∈L1(Ω,E)
h(u)(ω) = h(ω, x(ω)) μ-a.e.
By (2.3),
ess inf
u∈L1(Ω,E)
h(u)(ω) = inf
e∈E h(ω, e) μ-a.e.
Hence
inf
e∈E h(ω, e) = h
(
ω, x(ω)
)
μ-a.e.,
which implies that for k ∈ N, we can ﬁnd Ωk ∈ A with μ(Ωk) = 0 such that
f (ω, e) − f (ω, x(ω))− 〈x∗(ω), e − x(ω)〉+ (ε + k−1)∥∥e − x(ω)∥∥ 0,
for all ω ∈ Ω \ Ωk , e ∈ E . Put Ωx∗ :=⋃k∈N Ωk . Then μ(Ωx∗ ) = 0 and
f (ω, e) − f (ω, x(ω))− 〈x∗(ω), e − x(ω)〉+ (ε + k−1)∥∥e − x(ω)∥∥ 0,
for all ω ∈ Ω \ Ωx∗ , e ∈ E , k ∈ N. Passing to the limit as k → ∞, we get
f (ω, e) − f (ω, x(ω))− 〈x∗(ω), e − x(ω)〉+ ε∥∥e − x(ω)∥∥ 0,
for all ω ∈ Ω \ Ωx∗ , e ∈ E . Hence infe∈E gε(ω, e, x∗(ω)) 0 μ-a.e., and thus,
∂ˆε I f (x) ⊂
{
x∗ ∈ Lw∞(Ω, E∗)
∣∣∣ inf
e∈E gε
(
ω, e, x∗(ω)
)
 0 μ-a.e.
}
.
We next want to show that the set on the right-hand side of this inclusion is contained in the last set of (3.1). Let
x∗ ∈ {x∗ ∈ Lw∞(Ω, E∗) | infe∈E gε(ω, e, x∗(ω)) 0 μ-a.e.}. Then, there exists Ωx∗ ∈ A with μ(Ωx∗ ) = 0 such that
f (ω, e) − f (ω, x(ω))− 〈x∗(ω), e − x(ω)〉+ ε∥∥e − x(ω)∥∥ 0,
for all ω ∈ Ω \ Ωx∗ , e ∈ E . Thus, for any u ∈ L1(Ω, E),
f
(
ω,u(ω)
)− f (ω, x(ω))− 〈x∗(ω),u(ω) − x(ω)〉+ ε∥∥u(ω) − x(ω)∥∥ 0 μ-a.e.
Since f (x) ∈ L1(Ω,R), it holds
I f (u) − I f (x) − 〈x∗,u − x〉 + ε‖u − x‖ 0, (3.2)
for all u ∈ L1(Ω, E). Hence x∗ belongs to the last set of (3.1). It is clear that (3.2) implies x∗ ∈ ∂ˆε I f (x). Summarizing all the
above, we can conclude that (3.1) holds. 
We are now ready to present the main results.
Theorem 3.2. Let f : Ω × E → R¯ be A ⊗ B(E)-measurable. Suppose that f (u) ∈ L1(Ω,R) for all u ∈ L1(Ω, E), where f (u)(ω) :=
f (ω,u(ω)). Put
F (u) :=
∫
Ω
f
(
ω,u(ω)
)
dμ
(
u ∈ L1(Ω, E)
)
. (3.3)
Then,
∂ F (x) = ∂ˆ F (x) = ∂Fen F (x)
=
{
x∗ ∈ Lw∞(Ω, E∗)
∣∣∣ inf
e∈E g0
(
ω, e, x∗(ω)
)
 0 μ-a.e.
}
, (3.4)
with g0(ω, e, e∗) := f (ω, e) − f (ω, x(ω)) − 〈e∗, e − x(ω)〉, ω ∈ Ω , e ∈ E, e∗ ∈ E∗ , and x ∈ L1(Ω, E).
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∂ˆ F (x) = ∂Fen F (x) =
{
x∗ ∈ Lw∞(Ω, E∗)
∣∣∣ inf
e∈E g0
(
ω, e, x∗(ω)
)
 0 μ-a.e.
}
.
By (2.2), ∂ˆ F (x) ⊂ ∂ F (x). We are going to show that ∂ F (x) ⊂ ∂Fen F (x). Take any x∗ ∈ ∂ F (x). Then, there exist sequences εk ↓ 0,
xk
F→ x and x∗k
w∗→ x∗ such that x∗k ∈ ∂ˆεk F (xk) for all k ∈ N. By Proposition 3.1,
F (u) − F (xk) −
〈
x∗k ,u − xk
〉+ εk‖u − xk‖ 0 ∀u ∈ L1(Ω, E).
Taking limits as k → ∞, we get
F (u) − F (x) − 〈x∗,u − x〉 0 ∀u ∈ L1(Ω, E).
Thus, x∗ ∈ ∂Fen F (x) and (3.4) is valid. 
Remark 3.3. (1) Under the assumptions of Theorem 3.2, it follows from (3.1) that
∂ F (x) = ∂ˆ F (x) ⊂ {x∗ ∈ Lw∞(Ω, E∗) ∣∣ x∗(ω) ∈ ∂ˆ f (ω, ·)(x(ω)) μ-a.e.}
⊂ {x∗ ∈ Lw∞(Ω, E∗) ∣∣ x∗(ω) ∈ ∂ f (ω, ·)(x(ω)) μ-a.e.},
for all x ∈ L1(Ω, E).
(2) If E = Rn then Lw∞(Ω, E∗) = L∞(Ω,Rn), and so (3.4) becomes
∂ F (x) = ∂ˆ F (x) = ∂Fen F (x)
=
{
x∗ ∈ L∞
(
Ω,Rn
) ∣∣∣ inf
e∈Rn g0
(
ω, e, x∗(ω)
)
 0 μ-a.e.
}
.
(3) If the function F : L1(Ω, E) → R deﬁned by (3.3) is convex then, as mentioned in Section 2,
∂ F (x) = ∂ˆ F (x) = ∂Fen F (x). (3.5)
Formula (3.4) shows that (3.5) is valid without assuming the convexity of F .
We now examine an example which shows, among other things, that the integral functional F under our consideration
is nonconvex in general.
Example 3.4. Let E be any nontrivial separable Banach space (for instance, we can take E = 
p or E = Lp[0,1], 1 p < ∞).
Let Ω = [0,1], A the σ -algebra of the Lebesgue measurable subsets of [0,1], μ the Lebesgue measure on R, and f : [0,1]×
E → R deﬁned by f (t, e) = | sin(‖e‖)| for all (t, e) ∈ [0,1] × E . Consider the integral functional
F (u) =
1∫
0
f
(
t,u(t)
)
dt
(
u ∈ L1
([0,1], E)).
The following hold:
(a) F is nonconvex;
(b) ∂ F (0) = ∂ˆ F (0) = ∂Fen F (0) = {0};
(c) {x∗ ∈ Lw∞([0,1], E∗) | x∗(t) ∈ ∂ˆ f (t, ·)(0) a.e.} = BLw∞([0,1],E∗);
(d) {x∗ ∈ Lw∞([0,1], E∗) | x∗(t) ∈ ∂ f (t, ·)(0) a.e.} = BLw∞([0,1],E∗) ,
where BLw∞([0,1],E∗) := {x∗ ∈ Lw∞([0,1], E∗) | ‖x∗‖Lw∞([0,1],E∗)  1}.
To verify (a), choose u1(t) := 0 and u2(t) := πe0 for all t ∈ [0,1] with e0 ∈ E satisfying ‖e0‖ = 1. Then u1,u2 ∈
L1([0,1], E), F (u1) = F (u2) = 0 and F ( 12u1 + 12u2) = 1. So, we get
F
(
1
2
u1 + 1
2
u2
)
>
1
2
F (u1) + 1
2
F (u2),
which establishes (a).
In order to obtain (b), ﬁx an x∗ ∈ ∂ F (0). By Theorem 3.2, we can ﬁnd Ωx∗ ∈ A with μ(Ωx∗ ) = 0 such that∣∣sin(‖e‖)∣∣ 〈x∗(t), e〉
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〈
x∗(t), π‖e‖e
〉
 | sinπ | = 0 and
〈
x∗(t),− π‖e‖e
〉
 | sinπ | = 0,
for all t ∈ [0,1] \ Ωx∗ , e ∈ E \ {0}. Hence x∗(t) = 0 a.e. We have shown that ∂ F (0) ⊂ {0}. Since | sin(‖e‖)| 〈0, e〉, by Theo-
rem 3.2, 0 ∈ ∂ F (0). Therefore, ∂ F (0) = ∂ˆ F (0) = ∂Fen F (0) = {0}.
Pick any x∗ ∈ Lw∞([0,1], E∗). The necessary and suﬃcient condition for x∗(t) ∈ ∂ˆ f (t, ·)(0) a.e. t ∈ [0,1] is that
lim inf
e→0
| sin(‖e‖)| − 〈x∗(t), e〉
‖e‖  0 a.e. t ∈ [0,1],
or, equivalently, ‖x∗(t)‖ 1 a.e. t ∈ [0,1]. This means that (c) holds.
From (c) it follows that
BLw∞([0,1],E∗) ⊂
{
x∗ ∈ Lw∞
([0,1], E∗) ∣∣ x∗(t) ∈ ∂ f (t, ·)(0) a.e.}.
Since f (t, ·) is Lipschitz with the constant 
 = 1, for each t ∈ [0,1], we have ‖x∗(t)‖ 1 whenever x∗(t) ∈ ∂ f (t, ·)(0). Hence
{
x∗ ∈ Lw∞
([0,1], E∗) ∣∣ x∗(t) ∈ ∂ f (t, ·)(0) a.e.}⊂ BLw∞([0,1],E∗),
and the assertion (d) follows.
Corollary 3.5. Suppose in addition to the assumptions of Theorem 3.2 that F is Fréchet differentiable at x and locally Lipschitz around x.
Then,
lim
k→∞
∥∥x∗k − F ′(x)∥∥= 0 whenever x∗k ∈ ∂ F (xk) with xk → x as k → ∞.
Consequently, if F is Fréchet differentiable and locally Lipschitz, then F is continuously differentiable.
Proof. This proof is based on the scheme given in [1, Proposition 4.7, p. 86]. Let γ > 0. Then there exists ρ > 0 such that
F (x+ u) − F (x) − 〈F ′(x),u〉 γ ‖u‖ ∀u ∈ ρBL1(Ω,E), (3.6)
where BL1(Ω,E) := {u ∈ L1(Ω, E) | ‖u‖ 1}. Since x∗k ∈ ∂ F (xk), by Theorem 3.2 we have
〈
x∗k , x+ u − xk
〉
 F (x+ u) − F (xk) ∀u ∈ L1(Ω, E). (3.7)
As sup‖u‖=ρ〈x∗k − F ′(x),ρ−1u〉 = ‖x∗k − F ′(x)‖ > 2−1‖x∗k − F ′(x)‖ whenever ‖x∗k − F ′(x)‖ = 0, we can ﬁnd uk ∈ L1(Ω, E) such
that ‖uk‖ = ρ and 〈x∗k − F ′(x),uk〉 2−1ρ‖x∗k − F ′(x)‖ (k = 1,2, . . .). Substituting uk into (3.6) and (3.7) yields
−γ ‖uk‖ F (x) − F (x+ uk) +
〈
F ′(x),uk
〉
and
0 F (x+ uk) − F (xk) −
〈
x∗k , x+ uk − xk
〉
.
Hence
−γρ  F (x) − F (xk) +
〈
F ′(x) − x∗k ,uk
〉+ 〈x∗k , xk − x〉
 F (x) − F (xk) − 2−1ρ
∥∥x∗k − F ′(x)∥∥+ 〈x∗k , xk − x〉.
Together with the fact that F is locally Lipschitz around x (thus {x∗k } is bounded), this gives limsupk→∞ ‖x∗k − F ′(x)‖ 2γ .
Since γ > 0 is arbitrary, limsupk→∞ ‖x∗k − F ′(x)‖ = 0. The proof is completed. 
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